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SIMULATION OF GAS DISCHARGE
IN A HELIUM BUBBLE IN LIQUID DIELECTRIC

Savenko R. A. , Karpov D. I. 1, Ridel A. V. , Korobeynikov S. M.

Abstract 3D simulation of the initial stage of the development of gas discharge in a he-
lium bubble in dielectric liquid between flat electrodes has been performed with the use of a
diffusion-drift approximation. The values of the electric field in the bubble and on its surface
were obtained before and after the electrons reached the bubble boundary. The electric field
strength increased from 48 kV/cm to 79 kV/cm at the pole of the bubble closest to the anode.
Data on discharge characteristics at the initial stage within the framework of the considered
model are obtained: plasma concentration, distribution and evolution over time of concentra-
tions of positive helium ions and electrons. The charge distribution at the bubble boundary
closest to the anode is calculated.
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1 Introduction

The electrical breakdown of a liquid dielectric occurs due to the development of a
system of plasma channels in the liquid, connecting electrodes of different polarities
[1, 2]. The system of these channels is called streamers. To date, it is impossible to
say that the mechanisms of formation of such channels in liquids are clear. In the
case when channels develop from the electrode surface, near-electrode processes can
play an essential role [3]. This complicates the study of the mechanisms of channel
formation. In [4, 5], the phenomenon of the formation of streamers from the surface
of a bubble floating freely in a dielectric liquid after a partial discharge (PD) in the
bubble was discovered and investigated. A partial discharge leads to charging of the
gas bubble-liquid interface and a significant increase in the electric field at the poles
of the bubble relative to the average electric field in the discharge gap [4, 6]. In
this case, the influence of near-electrode processes is excluded and we can talk about
"pure" mechanism of channel formation in the liquid. In this case, the initiation of
the streamer will depend only on the local electric field strength in the liquid on the
surface of the bubble. Thus, the task of determining the distribution of the electric
charge and, accordingly, the local electric field over the surface of the bubble after the
PD in it is important.
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To date, there are no experimental methods that would directly measure the electric
field at the pole of the bubble immediately after the PD in it. Therefore, a special role
is played by the possibility of calculating the characteristics of the PD and, then,
the conditions for the formation of streamers from the surface of the bubble. In [6],
calculations of the electric field strength and the distribution of the "true" charge
on the surface of the bubble after the PD were performed, assuming that the entire
volume of the bubble is a homogeneous conductor during partial discharge. Obviously,
these calculations require revision, since it does not take into account the shape of
the ionization wave in the gas when it reaches the bubble boundary. Accordingly,
the surface distribution of the "true" charge and field differ from those obtained in
[6]. In this paper, an attempt is made to describe in more detail the PD process in
a helium bubble, experimentally investigated in [4, 5, 7, 8]. A numerical simulation
of the development of electron avalanches from the initiating seed at PD in a bubble
in a dielectric at the initial stages of the process is performed. To do this, a three-
dimensional numerical model was implemented that allows parallel calculations to be
performed on graphics accelerators (GPUs). The features of the development of the
ionization wave, its reach of the bubble boundary, and the calculation of the distribution
of free electric charges on the surface and the corresponding electric field are studied.

2 Physical model

As experiments [7, 8] show, the development of a partial discharge in a 1-2 mm bubble
in a liquid dielectric takes 50− 70 ns. The hydrodynamic time in this case is 0.7-1.4
microseconds (at the speed of sound in transformer oil about 1400 m/s). Therefore,
in calculations of the development of ionization processes, it is possible to neglect
the deformation of the bubble during the PD, despite the fact that experiments often
observe the stretching of the bubble along the electric field after the PD. Estimates
show that during the development of avalanches in the bubble, the displacement current
density is much less than the conduction current and the electric field considered to
be potential field. In addition, the influence of the magnetic field on the dynamics of
electrons is several orders of magnitude less than the influence of the electric field at
the initial stage of discharge development. Therefore, the magnetic field was excluded
from Maxwell’s equations.

To solve the problem of the development of the electronic avalanche, the following
system of equations was used

∇(ε0ε∇(φ)) = −|e|(n+ − ne),
∂n+

∂t
+∇(µ+n+E) = ∇(D+∇n+) + α |µeneE+De∇ne| − βn+ne − γn+n

2
e, (1)

∂ne

∂t
−∇(µeneE) = ∇(De∇ne) + α |µeneE+De∇ne| − βn+ne − γn+n

2
e,

The first equation of the system is the Gauss theorem for dielectrics. The following
designations are used: ε is the relative dielectric permittivity of a substance (ε = 1 in
gas), ε0 is the electrical constant, φ is the electric field potential, e is the electron charge,
n+ is the concentration of positively charged ions, ne is the electron concentration.
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The second and third equations are continuity equations for the concentrations of
electrons and positive ions, where the following designations are adopted: µ+ is the
mobility of positive ions, µe is the mobility of electrons, E is the electric field strength,
D+ is the diffusion coefficient of positive ions, De is the electron diffusion coefficient,
α is the impact ionization coefficient, β is the two-particle recombination coefficient, γ
is the three-particle recombination coefficient. The model assumes that the ionization
coefficient, the electron mobility, and the electron diffusion coefficient depend on the
local electric field.

The ionization term in the form of the product of the electron flux modulus and
the ionization coefficient is taken from [9].

The following boundary conditions were used for the first equation of the system
(1). For flat anode and cathode (sides 1 and 2 of the simulation region in Fig. 1) the
electric field potential was set as

φ = V0, anode, φ = 0, cathode. (2)

Here V0 is the applied voltage. For the side walls of the simulation region the linear
change of the electrical potential from V0 to 0 was supported during simulations. Usual
boundary conditions were fulfilled at the bubble-liquid interface

ε(∇φ)n2 − (∇φ)n1 = −|e|(ns+ − nse)/ε0, (∇φ)τ2 = (∇φ)τ1. (3)

Here the index 2 is referred to liquid dielectric, index 1 is reffered to a gas bubble, ns+

and nse are the surface number densities of the positive charges and electrones on the
bubble wall, respectively. The indexes n and τ denote the projections of the electric
field vector on normal and tangential directions to the boundary between different
substances, correspondingly. The dielectric permittivity of helium inside bubble is
taken to be equal to 1.

The transport equations (the second and the third equations in (1)) for positive
ions and electrons were solved inside the bubble only (region 3 in Fig. 1). The non-flux
condition was used for the total flux (due to mobility in the electric field and diffusion)
of positive ions J+ on the bubble wall as well as for the total flux of electrons Je

J+n = ((µ+n+E−D+∇n+),n) = 0, Jen = ((−µeneE−De∇ne),n) = 0. (4)

Here n is the external normal vector to the bubble surface.
No ionization of the dielectric molecules or possible chemical processes on the bubble

wall were considered.
The system of equations (1) – (4) was solved numerically as described below. First,

the distribution of the electric field potential was calculated in the simulation region
without free charges (only dielectric and gas bubble). This distribution was considered
as initial condition for the following dynamics. Then, a small spherical electrically
neutral seed of positive ions and negative electrons was placed to the bubble. The
uniform distributions for positive charges and for electrons were used in the seed. The
seed was placed at different distances from bubble center at different simulations. Then
the evolution of the electron avalanches in helium in the bubble was calculated step
by step. The distribution of the electric field potential was recalculated at every time
step in order to take into account the changes in the charge densities.
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Figure 1: The scheme of the calculation region. 1 - anode, 2 - cathode, 3 - gas bubble,
4 - side walls.

3 Numerical model

The region of calculations is shown in Fig. 1 and consisted of 258×258×258 grid nodes,
the grid step was equal to 12 microns. A part of the calculation region in the center
having the spherical shape imitated a gas bubble. The diameter of the bubble was 1.8
mm, which corresponds to 154 grid nodes. On the axis of symmetry of the bubble along
the direction of the electric field, the seeds of electrons and positive ions were given
in the form of balls with a radius of 8 nodes, each with an average concentration of
4 · 106 m−3, while the total charge was zero. The potential was calculated using simple
iterations with a parallel algorithm implemented on a graphics accelerator. This made
it possible to significantly reduce the simulation time while maintaining high accuracy
in calculating the potential. Parallel calculations were performed on an NVIDIA Titan
Black graphics card with 2880 computing cores. The distribution of the electric field
in a bubble and a dielectric without free charges with a relative error of less than 10−11

was calculated as initial conditions. Then, at each time step at the beginning of the
simulation, 5000 iterations were required to maintain the initial accuracy. Further, the
number of iterations had to be increased from step to step so that the relative error
of the calculations was at least 10−10. After calculating the potential, the electric field
strength in the region of calculations was obtained.

When calculating concentrations, the values of the mobility of positive ions µ+, the
diffusion coefficient of positive ions D+, the coefficient of two-particle recombination
β and three-particle recombination γ were assumed to be constant and equal to 0.001
m2/(V s), 2.5 · 10−5 m2/s, 10−13 m3/s and 10−31 m6/s, respectively. The impact ion-
ization coefficient was taken from the experimental data of [10, 11, 12, 13], which were
approximated by the following piecewise continuous function

α(E) =


0, |E| < 2 kV

cm
,

0.472|E|2.15cm−1, 2kV
cm

< |E| ≤ 50 kV
cm

,

771|E|0.25m−1, 50kV
cm

< |E| ≤ 2 MV
cm

,

5103 m−1, |E| > 2, MV
cm

.

The experimental data on the mobility of electrons in helium µe from [14, 15] were
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approximated by the following dependence

µe =


8000 cm2

V s
, |E| ≤ 0.01kV

cm
,

1001|E|−0.45 cm2

V s
, 0.01kV

cm
< |E| ≤ 1kV

cm
,

1000 cm2

V s
, |E| > 1kV

cm
.

Similarly, based on the experimental data from [12, 14, 15], an approximation of the
dependence of the electron diffusion coefficient De on the electric field strength was
used in the form

De =

{
200 cm2

s
, |E| ≤ 0.1kV

cm
,

1580|E|0.9 cm2

s
, |E| > 0.1kV

cm
.

A conservative explicit scheme was used to solve system (1). The use of an implicit
scheme in this task led to a number of difficulties. Firstly, it is problematic to formu-
late the fully implicit scheme because of the non-linear dependence of the transport
coefficients on the lacal electric field value. Secondly, in the case of an "half-implicit"
scheme we applied, test calculations for 1D, 2D and 3D cases always led to a violation
of the conservation of full charge after the ionization wave reached the bubble-liquid
dielectric boundary. The error in the value of the full charge reached more than 10%.
Third, after the ionization wave reached the bubble wall, a charge accumulated on the
wall, and in the case of an our "half-implicit" schemes, negative electron concentra-
tions were observed in some cells close to the bubble boundary. These oscillations also
reached large values comparable to positive concentration values.

In the numerical implementation of equations (1), the most important is the choice
of finite-difference schemes for the terms of transfer and diffusion, since it is these
approximations that determine the stability of the scheme.

The transfer term in calculating concentrations was approximated by a finite-
difference upstream explicit scheme, an example of approximating the transfer operator
Aex

i,j,k for the derivative along the axis x from the equation on electron concentrations
has the form

Aex
i,j,k = F ex

i+1,j,k − F ex
i,j,k, F ex

i,j,k =

{
µe i−1/2,j,kne i,j,k

φi−1,j,k−φi,j,k

h
, φi,j,k > φi−1,j,k,

µe i−1/2,j,kne i−1,j,k
φi−1,j,k−φi,j,k

h
, φi,j,k ≤ φi−1,j,k.

where F ex
i,j,k is the flux of electrons into the cell, in the center of which there is a

node with coordinates (i, j, k), µe i−1/2,j,k is the value of electron mobility at a point
(i− 1/2, j, k), that is calculated for the value of the electric field Ei−1/2,j,k = (φi−1,j,k −
φi,j,k)/h, h is the grid step. For positive ions, the mobility coefficient µ+ was considered
constant and the conditions for the flux were reversed.

The diffusion term was approximated by a 3-point explicit finite-difference scheme,
an example of a difference operator Bex

i,j,k for an x-axis component for electrons has the
form

Bex
i,j,k = Dex

i+1/2,j,k

ne i+1,j,k − ne i,j,k

h
−Dex

i−1/2,j,k

ne i,j,k − ne i−1,j,k

h
,

where Dex
i+1/2,j,k is the value of the electron diffusion coefficient at a point (i+1/2, j, k).

For positive ions, the diffusion coefficient D+ is constant, so the diffusion flux of positive
ions is proportional to the second derivative of the concentration along the coordinate,
which was also approximated on a three-point central difference template.

The approximation of the boundary conditions for charge’ fluxes was carried out by
analogy with the numerical scheme proposed in [16]. For example, the contribution to
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the electron concentration at the boundary node ib (node ib − 1 belongs to the bubble
and node ib + 1 is in liquid dielectric) on the bubble wall because of the fluxes along
only x direction was calculated as

np+1
e ib,j,k

= np
e ib,j,k

− µe ib−1/2,j,k n
p
e ib−1,j,k

φib−1,j,k − φib,j,k

h

−De ib−1/2,j,k

np
e ib,j,k

− np
e ib−1,j,k

h
− βnp

+n
p
e − γnp

+(n
p
e)

2,

where p is the current time step. After the calculation of the contribution of the x-flux
to the concentration in boundary nodes we calculated the contributions of y− and z−
fluxes, analogously.

The stability of this explicit scheme was ensured by choosing the time step τ at
each step of the simulation. In this numerical scheme, two stability criteria must be
taken into account: for the diffusion term and for the term responsible for the transfer.
The large values of electric field strengths result in the situation that the estimate of
the time step limitation due to diffusion turns out to be obviously less strict than the
time step limitation due to transfer. Therefore, the stability of the scheme used in this
work was determined only by the stability of the part describing the transfer. Taking
into account the dependence of the electron mobility coefficient on the current electric
distribution, a modified stability criterion was chosen, depending on the grid step h
and the magnitude of the local field: τ ≤ h/|E|1.1max

It was shown in a series of numerical experiments that such a criterion ensures the
stability of the scheme used for all parameters of interest in our simulations.

4 Results and discussion

According to calculations, the characteristic time for electrons to reach the bubble
boundary is 0.3-0.5 ns. When the electron wave front reached the boundary, an increase
in the value of the electric field on the surface of the bubble was observed from a value
of 47.6 kV/cm to 79.3 kV/cm. The change over time in the concentrations of charged
particles and the electric field strength along the central axis is shown in Fig. 2 and
Fig. 3, respectively. The velocity of the electron wave to the boundary was ∼ 1000 km/s.

After the electrons reached the bubble boundary, data on electron concentrations
on the bubble surface were recorded. The distributions of the surface electron density
at the bubble-liquid dielectric boundary at different time points up to 1 ns from the
moment of initiation are obtained. Fig. 4 shows a graph of the change in the surface
density of electrons on the surface of the bubble along the direction y (or z). The ledges
on the graph are related to the discreteness of the grid. In general, the dynamics of
partial discharge is described as follows. During 0.32-0.36 ns, the electric field strength
inside the bubble practically does not change, while the concentration of charges of both
signs increases by about 10 orders of magnitude. Then, when the electron concentration
exceeded the value of 1017 m−3, a decrease in the electric field (shielding) in the central
part of the bubble began. In this region, the total charge density is precisely zero,
that is, the concentrations of electrons and positive ions are approximately equal. The
shielded region first appears in the central part on the axis of symmetry of the bubble.
Then it elongates into a cylinder of approximately constant cross-section with a radius
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Figure 2: Concentrations of positive ions (a) and electrons (b) in the central section
along the axis on a logarithmic scale at different time points: 1 пїЅ- 0.1 ns, 2 пїЅ-
0.3 ns, 3 пїЅ- 0.36 ns, 4 пїЅ- 0.4 ns, 5 пїЅ- 0.5 ns, 6 пїЅ- 0.56 ns.

Figure 3: The electric field along a straight line parallel to the x axis and passing
through the center of the bubble at different points in time. Thin solid line 1 пїЅ-
0.1 ns, dotted line 2 пїЅ- 0.36 ns, solid line 3 -пїЅ 0.4 ns, dotted line 4 пїЅ- 0.5 ns.

Figure 4: Distribution of the surface density of electrons on the surface of the bubble
along y coordinate.

of 0.42 mm, parallel to the lines of the external electric field. Then, this cylinder is
extended along the field to the bubble boundary following the electron front (Fig. 5).
The moment at which the decrease in the field becomes noticeable can be considered as
the moment of formation of a partial discharge plasma. Shielding led to a drop in field
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Figure 5: Distribution of the absolute value of the electric field at a time of 0.6 ns.
Darker areas correspond to a lower field strength. A discrete bubble boundary is visible
on the right. The dark bridge between the bubble boundary and the dark spherical
surface is an area of weak shielding.

strength from values of about 48 kV/cm to 2 kV/cm near the bases of the cylinder and
up to 10 kV/cm in the center of the cylinder (Fig. 3), while the plasma concentration
in the shielded area reached 1-3 1020 m−3.

In Figs. 3 and 5, the highest maximum of the electric field corresponds to the
region of maximum positive electric charge, that is, the region of predominance of ion
concentration. This positive charge front is usually formed at a distance of about 600
microns from the seed. It should be noted that a sharp change in the field strength
in this area strongly affects the time step that ensures the stability of the numerical
scheme. For example, for curve 2, the time step was 10−13 seconds, and for curve 4 it
was already 10−16 seconds. A time step of less than 10−15 seconds makes calculations
very problematic, since with such a small step, the time for full calculation becomes
very long.

The results obtained give us more accurate infomation about charge distribution
on the surface of a gas bubble in the process of PD in the bubble in comparizon to
the model of uniform bubble conductivity used in [6]. In particular, we may observe
the higher concentration of electrons to the bubble axis because of the shape of the
ionization wave that occupies mainly the centra region of the bubble around the axis.
The maximal electric field on the bubble apex is somewhat higher then in the case of
the uniform conductivity modelof the bubble. Nevertheless, general conclusion about
possible mechanism of streamer formation from the bubble surface after PD in the
bubble made in [6] remains the same. The fields obtained in our calculations can
provide only the conditions for the development of electrohydrodynamic instability of
the charged bubble-liquid interface obtained in the works [17, 18] and in more general
form in [19]. All other mechanisms (like the direct ionization of liquid molecules by
electron impact etc.) look much less plausible.
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4 Conclusion

In this paper, the parameters of the initial stage of a partial discharge in a gas bubble in
a liquid dielectric are estimated. According to the simulation results, an increase in the
modulus of the maximum local electric field by 1.67 times at the bubble boundary is
observed. The distribution of electrons over the surface of the bubble (the distribution
of the "true" charge) is obtained. According to calculations, the charge on the surface
is not localized at the bubble pole closest to the anode, but is distributed over the
entire half of the bubble surface closer to the anode.
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